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Abstract—A model for the expansion of a pulsed jet of a mixture of monoatomic gases was advanced on the
basis of the Boltzmann kinetic equation. The Grad method was used to solve the Boltzmann equation. The set
of moment equations was analyzed by matching asymptotic expansions. The behavior of the velocity slip and
temperature difference was analyzed as a function of the conditions in the source and the component-gas con-
centrations in the mixture. A functional relationship between these quantities and the form of the interaction

potential has been established.
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Supersonic pulsed gas jets and molecular beams are
used in many fields of physics and chemistry, such as
chemical reactions, energy relaxation, cluster prepara-
tion and characterization, epitaxial growth, and others
[1, 2]. In this context, the modeling of pulsed mixed gas
jets is of interest for deriving correlations between the
jet macroparameters, on one hand, and the conditions in
the source and the atomic interaction potential, on the
other.

The model of a one-component supersonic pulsed
jet of a monoatomic gas expanding to vacuum was built
in [3]. It is of interest to generalize this model to cover
multicomponent jets, as was done for continuous jets
[4, 5]. The effects caused by nonequilibrium energy and
momentum exchange between dissimilar particles also
appear here as the velocity slip and the temperature dif-
ference between the component gases. Theoretical con-
sideration of these effects can provide the basis for the
determination of the parameters of the interaction
potential between dissimilar particles from experimen-
tally measured component temperatures and velocities
and for the description of the speeding up of the heavy
component from the gas jet and the gas-dynamic sepa-
ration of the components.

The asymptotic analysis of the equations for a mul-
ticomponent jet model is, in general, more complex
than for a one-component jet because of the appearance
of dimensionless parameters (the Knudsen number for
the interaction of dissimilar particle pairs, component
weight ratios, and component concentration ratios).
More difficulties arise from the fact that the orders of
magnitude of these quantities can depend on the situa-
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tion, and in each case it is necessary to analyze the
order of smallness of the quantity for which expansion
is performed and to determine the range of its allowed
values.

This work generalizes the kinetic model of a pulsed
supersonic jet of a monoatomic gas expanding to vac-
uum to cover a multicomponent case. This work also
considers the limiting ratios of the component weights
and mole fractions.

MODEL

In the formulation of the problem, the modeling of
the non-steady-state expansion of a multicomponent jet
to vacuum does not differ from the modeling of a one-
component jet. Inasmuch as the jet is considered as a
perturbed equilibrium gas flow and the continuum gas
dynamic methods can be used to describe the unper-
turbed equilibrium flow, a boundary point is chosen at
which the flow is still continuous, and the jet parame-
ters are computed. These values of the parameters will
be the boundary conditions for moment equations. In
this work, the boundary conditions and scale values are
determined as in [3], but the expanding mixture is con-
sidered as a gas with the average molecular weight
equal to

=Y M.
o

where y, is the mole fraction of component c. It is
assumed that the flow is spherically symmetrical and
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particles interact with the exponential potential Vg(r) =
_4£aB(GaB/r)6' For the details of the model, see [3].

The set of Boltzmann kinetic equations for the non-
steady-state, spherically symmetrical expansion of a
gas mixture to vacuum is written in a dimensionless
form as
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where f;, is the velocity distribution function for o par-
ticles and u is the weight-average velocity of the mix-
ture. In the physical space, a spherical coordinate sys-

tem is used: 7 = (r, ©, ¢); in the velocity space, a cylin-

9
drical coordinate system is used: & = (€, @, ®). Here,
IP* is the integral of collisions of B and o particles:
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Here, the source Knudsen number is introduced: Kn, =

(R;n,Q )" (subscript “s” denotes the conditions in the

source); Q is the effective scattering cross section [4,
5], defined so that to account for the interactions of all
types of particles with the weights proportional to their
mole fractions in the mixture:
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For the exponential potential considered by the model,
the [-order effective cross section is

o

2/n
0 (8) = 0So(CPIE)™",

where C*° = 4e,p00s  and  Egg = [ygg%2.
(The proportionality factor is found in [6].)
The set of equations (1) is solved by the Grad

method in the 13-moment approximation, with the dis-
9
tribution function f,(& ) being [7]
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In the zeroth approximation, the Maxwellian local
distribution is chosen:

() 3 _3n &2 + (p2
foc = NgYo (2TC) (Y _T’Yoc )

where vy, = m,/(kT,), and n, and T, are the local num-
ber density and temperature of component o

The macroscopic parameters of the component
gases and the mixture are determined as the moments of
the distribution function as follows:

number densities, as

> >
ng = jfadi, n = Z”w dt¢ = d&edodw;

o

weight densities, as

Po = Moltas P = D Pa

o

kinetic temperatures (7, and 7), as

9
3nakToc = majfa(§2+(pz)d§, nT = znaToc;

pressure, as

Po = nockTow P = Zpoc;

o

diffusion rate, as
1 >
Wo = rT(foaE"d&’ = Uy —U.

From the definition of the weight-average velocity
(pu= Za Pl ) and the diffusion velocity,

Zpawa = 0.

The viscous stress tensor T, and the heat flux g, for
component o, as well as 7, and g for the mixture, are
determined as follows:

T = mocjfa@&z—%@z)da T = anlw

G = %ma.[fai(izﬂpz)d%, 4= 4

The scales of the variables were chosen to be the
same as in [3]. m means the average molecular weight

of the mixture:
— N
My, = meye,
o

where y,, is the weight fraction of component ¢ in the
source.
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MOMENT EQUATIONS

The formal procedure for building the set of
moment equations in the inner and outer expansion
regions in any approximation for the Knudsen number
Kny is fully identical to the case of a pure gas [3]. In the
zeroth approximation, the mixture expands as a mono-
atomic gas with the average molecular weight i . The
velocity slip and temperature difference in the outer
expansion region, respectively, appear in the first and
second approximations for K nl/(4 20 (=172 + 2/n,

n is the exponent in the interaction potential). To avoid
tedious computations, we only write equations for the
specified effects in significant approximations in the far
region of interest. The detailed derivation of the set of
moment equations can be found in [8].

In the zeroth approximation, the solutions of the set
of moment equations are the following familiar contin-
uum relations:

Poo = Mylgy = MyYeoho,
_ s
Yoo = Yoo

2/3
T, = %2_’ AWgpy = 0, AT, = 0,

where A = r/t and g = 5732(1 — A%/5)"? [3].
In the first approximation, the component-gas tem-

peratures are equal to the continuum temperature: Tl1 =
T21 = T,. Therefore, the temperature difference is

AT,I2 = 0. The set of equations for diffusion rates w,
and for i, = g, — powy (0= 1 or 2) in this approximation
is
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Chapman-Enskog integral (§ = g./Y,p/2 ), and k and y
are defined by

VELOCITY SLIP AND TEMPERATURE
DIFFERENCE

In the general case, the set of equations (2) can be
numerically solved. However, let us start with a partic-
ular case where the light component gas dominates (8 =

yE/ y,, < 1). Assume that the component weights differ
significantly (¢ = m,/mg < 1). There are two cases with
different relationships between  and €: (1) component

B is a minor admixture (8 < € < 1), or (2) component [3
is in trace amounts (0 < € < 1).

In both cases, the equation for Aw,g, is the same:
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In the first case, where the heavy gas is an admixture
to the light gas, the distribution function for the light
gas remains the Maxwellian distribution or, at high
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degrees of equilibrium, it is slightly perturbed. The
equation for A, in its form coincides with the equation
for a pure gas [6]:

ahal 6 16
al - h ( 15 (xOrooto)

this means that the behavior of 4, is determined only
by the self-collisions of light molecules. The equation
for hg, in this case is

5yuog g
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Decreasing 9, i.e., going to the second case or, phys-
ically, decreasing the role of self-collisions of heavy
molecules, we obtain
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When yg, —» 0, the evolution of the heavy gas is
fully determmed by cross-collisions. For the exponen-
tial potential used in this model,

Qupo = Qop(To) = Ty “Quy(1),
where
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In this case, Eqs. (4)—(6) are integrated to easily
arrive at the asymptotics

O 1) = hy (W)/4°

with the determinate function £, (A) (for details, see
[8]). It is now easy to find the asymptotic representation
for the velocity slip: Awgg (A, 1) = Awgg, (M/t. In so
doing, we have to integrate Eq. (3) with account for the
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expression for &, (A). In the limit 1 —» oo, using
dimensional variables we obtain

dimen
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and R is the initial radius of the gas packet (see [8]).
Expression (7) shows that Aw,g increases with decreas-
ing pressure and increasing temperature in the source,
which is due to a decrease in the extent of the equilib-
rium region in the flow. The evident relation between
Aw,g and the Chapman-Enskog integral makes it pos-
sible to derive the interaction-potential parameters
from the experimentally determined velocity slip of the
component gases.

After deriving the asymptotic expressions for func-
tions A, hgy, and velocity slip, it is easy to analyze the
temperature difference. In the second approximation

for Kn 1/(4 20 , the equation for the temperature differ-
ence is
0 AT 0
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AWOLB

0 10 20 r

Fig. 1. Velocity slip versus distance in various moments of
time for the 99% He + 1% Kr mixture: = (/) 5 and (2) 10.

The asymptotic solution of this equation is

_ 1/(2 - w)
RAT 450 (M, 1) = R§[2Jﬁ/r(7 22‘”)}
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where K(A) is a rather complex function of A, depend-
ing on my, y,, and the parameters of the interaction

®)

potential (through integrals Q&L , Q&% , and foﬁ ). The
behavior of ATg as a function of the conditions in the
source is an analogue of the behavior of Aw,g. The gen-
eral tendencies in the behavior of Aw,g and AT fully
agree with the results obtained for continuous jets [4, 5].

Numerically, the set of equations (2) is solved in
some cases for He + Kr mixtures with various compo-
sitions. The timezero ¢ = 0 corresponds to the moment
at which the pulsed nozzle stops operating. The results
of the calculations are demonstrated in Figs. 1-4.

Figures 1 and 2 demonstrate the behavior of the
velocity slip Aw,g in the center-of-mass system for the
99% He + 1% Kr mixture with Kn, = 107, Aw,g is pos-
itive; i.e., the velocity of the light component is higher
than the velocity of the heavy component. The velocity
slip is zero in the center of the gas packet, and it rapidly
increases with the distance from the center. This Aw,g
behavior agrees with our model: the gas packet is ini-
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Fig. 2. Velocity slip versus time at various distances for the
99% He + 1% Kr mixture: r= (/) 2 and (2) 4.

tially continuous; as scattering progresses, only the
core of the packet remains continuous, decreasing over
time. The Aw,g value at each fixed point of the packet
rapidly drops with time. Notice that the infinitely great
Aw,g values in Fig. 2 at small times are near the expan-
sion front with A = 52, Figure 3 displays the limiting
Aw,gt values for various compositions of the He + Kr
mixtures with Kn, = 1073, Clearly, the velocity slip
increases with decreasing heavy-component fraction.

Figure 4 demonstrates the behavior of AT,4t* as a
function of A for the 99% He + 1% Kr mixture with
Kn, = 107. Evidently, the temperature of the light com-
ponent is always lower than the temperature of the
heavy component. This is made clear by the compari-
son of efficient collision frequencies. The total number
of collisions for particles with different weights is
roughly the same. For light particles, however, all colli-
sions are efficient for relaxation, while for heavy parti-
cles, only self-collisions are. As a result, the relaxation
rate for the heavy component decreases, and the devia-
tion from the isentropic temperature becomes greater.
Inasmuch as the component temperatures are by defini-

tion related to the average temperature of the mixture T
through

T(X = T+yBOAT0(B2’

TB = T_ y(xOATocBZ’
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Fig. 3. Awpt versus A for various compositions of He + Kr

mixtures: (/) 80% He + 20% K, (2) 90% He + 10% Kr, and
(3) 99% He + 1% K.

for small yg (v, = 1) the temperature of the light com-
ponent is close to the average temperature of the mix-
ture, and the temperature of the heavy component is
higher than the temperature of the mixture by a value of
AT 5.

The temperature difference depends on the compo-
nent concentrations more weakly than the velocity slip. A
decrease in yg, induces only an insignificant rise in AT g:
on passing from the 99% He + 1% Kr to 99.9% Hr +
0.1% Kr mixture, the increase in the temperature differ-
ence is as little as 1%. In addition, the ATg value for
asymptotic times (¢ = 100) is too small to be used for
processing time-of-flight spectra.

To summarize, we have built a model for the expan-
sion of a pulsed jet of monoatomic gases on the basis of
the Boltzmann kinetic equation. The Grad method was
used to solve the Boltzmann equation. The set of
moment equations was analyzed by matching asymp-
totic expansions. Sets of equations were derived to
describe the behavior of the jet parameters in the far
expansion region, and asymptotic expressions (for
large times) were derived for the component velocity
slip and temperature difference. In some particular
cases, the set of equations for these quantities was
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_ATOLB t2 X 104

Fig. 4. ATt versus A for the 99% He + 1% Kr mixture.

numerically solved. The behavior of the velocity slip
and temperature difference was analyzed as a function
of the conditions in the source and the component con-
centrations. A functional relationship was found
between these quantities and the form of the interaction
potential.
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